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Abstract
We prove the stability of a generalization of the Bourgin’s result on approximate ring
homomorphisms.
 2002 Elsevier Science (USA). All rights reserved.
1. Introduction
Questions concerning the stability of functional equations seem to have
originated with Ulam in the 1940s (see [8]). One of the first result in this direction
is the result proved by Hyers (see [4]) which establishes the stability of a group
homomorphism and can be formulated as follows.
Theorem A. Let ε be a nonnegative real number and let f be a function defined
on an Abelian group (G,+) with values in a Banach space (Y,‖ · ‖) satisfying
‖f (x + y)− f (x)− f (y)‖ ε,
for all x, y ∈G. Then there exists a unique additive mapping h :G→ Y , i.e.,
h(x + y)= h(x)+ h(y), x, y ∈G
such that
‖f (x)− h(x)‖ ε, x ∈G.
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For ring homomorphisms Bourgin (see [2]) proved the following.
Theorem B. Let ε and δ be nonnegative real numbers. Then every mapping f of
a Banach algebra A with an identity element onto a Banach algebra B with an
identity element satisfying
‖f (x + y)− f (x)− f (y)‖ ε (1)
and
‖f (x · y)− f (x)f (y)‖ δ, (2)
for all x, y ∈A, is a ring homomorphism of A onto B, i.e.,
f (x + y)= f (x)+ f (y), x, y ∈A
and
f (x · y)= f (x)f (y), x, y ∈A.
An interested reader can find further results and references on problems
concerning stability in [5].
The aim of this note is to study the problem of the stability of a ring
homomorphism without additional assumptions.
2. Stability of the Hyers–Ulam type
First we give a simple proof of the following generalization of the Bourgin’s
result.
Theorem 1. Let R be a ring, let B be a Banach algebra and let ε and δ be
nonnegative real numbers. Assume that f :R→ B satisfies (1) and (2) for all
x, y ∈R. Then there exists a unique ring homomorphism h :R→ B such that
‖f (x)− h(x)‖ ε, x ∈R. (3)
Moreover,
b · (f (x)− h(x))= 0, (f (x)− h(x)) · b = 0, (4)
for all x ∈R and all b from the algebra generated by h(R).
Proof. The Hyers theorem shows that there exists an additive function h :R→ B
such that
‖f (x)− h(x)‖ ε, x ∈R.
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Now we only need to show that h is a multiplicative function. Our inequality
follows that
‖f (nx)− h(nx)‖ ε, x ∈R, n ∈N.
By the additivity of h it is easy to see that then∥∥∥∥1nf (nx)− h(x)
∥∥∥∥ 1nε, x ∈R, n ∈N,
which means that
h(x)= lim
n→∞
1
n
f (nx), x ∈R. (5)
Let
r(x, y)= f (x · y)− f (x)f (y), x, y ∈R.
Then, using inequality (2), we get
lim
n→∞
1
n
r(nx, y)= 0, x, y ∈R. (6)
Applying (5) and (6) we have
h(x · y)= lim
n→∞
1
n
f
(
n(x · y))= lim
n→∞
1
n
f
(
(nx) · y)
= lim
n→∞
1
n
(
f (nx)f (y)+ r(nx, y))= h(x)f (y),
for all x, y ∈R. The result of our calculation is the following functional equation
h(x · y)= h(x)f (y), x, y ∈R. (7)
From this equation by the additivity of h we have
h(x)f (ny)= h(x · (ny))= h((nx) · y)= h(nx)f (y)
= nh(x)f (y), x, y ∈R, n ∈N.
Therefore,
h(x)
1
n
f (ny)= h(x)f (y), x, y ∈R, n ∈N.
Sending n to infinity, by (5), we see that
h(x)h(y)= h(x)f (y), x, y ∈R. (8)
Combining this formula with Eq. (7) we have that h is a multiplicative function
which is the desired conclusion.
To prove the uniqueness property of h, assume that h∗ is another ring
homomorphism with ‖f (x)−h∗(x)‖ ε, x ∈R. Since both h and h∗ are additive
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we deduce that
n‖h(x)− h∗(x)‖ = ‖h(nx)− h∗(nx)‖ 2ε
so that
‖h(x)− h∗(x)‖ 2ε
n
,
for all x ∈R and n ∈N. Letting n to infinity we find that
h(x)= h∗(x), x ∈R.
Moreover, from (2) we get
lim
n→∞
1
n
r(x,ny)= 0, x, y ∈R.
Thus, by (5), we deduce that
h(x · y)= lim
n→∞
1
n
f
(
n(x · y))= lim
n→∞
1
n
f
(
x · (ny))
= lim
n→∞
(
f (x)
1
n
f (ny)+ 1
n
r(x,ny)
)
= f (x)h(y),
for all x, y ∈R. Hence, with regard to (8),
f (x)h(y)= h(x · y)= h(x)h(y)= h(x)f (y), x, y ∈R.
This identity leads to the following
h(x)
(
f (y)− h(y))= 0, (f (x)− h(x))h(y)= 0, x, y ∈R
which shows (4) and completes the proof of Theorem 1.
3. Stability of the Rassias type
Let f be a mapping from a normed space X into a Banach space Y satisfying
the following inequality∥∥f (x + y)− f (x)− f (y)∥∥ ε(‖x‖p + ‖y‖p), x, y ∈X,
where ε  0 and p ∈R are constants.
A generalization of Theorem A given by Rassias [7] shows that if p < 1 then
there exists the unique additive mapping h :X→ Y and a real constant k such that
‖f (x)− h(x)‖ kε‖x‖p, x ∈X.
This result can be extended to the case when p > 1 and is false when p = 1
(see Gajda [3]).
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For ring homomorphisms we have the following.
Theorem 2. LetA be a normed algebra and let B be a Banach algebra. Moreover,
let ε and δ be nonnegative real numbers and let p and q be a real numbers such
that p,q < 1 or p,q > 1. Assume that f :A→ B satisfies the system of functional
inequalities
‖f (x + y)− f (x)− f (y)‖ ε(‖x‖p + ‖y‖p) (9)
and
‖f (x · y)− f (x)f (y)‖ δ‖x‖q‖y‖q, (10)
for all x, y ∈A. Then there exists a unique ring homomorphism h :A→ B and
a constant k such that
‖f (x)− h(x)‖ kε‖x‖p, x ∈A. (11)
Proof. The proof is similar to that of Theorem 1 except that for p,q < 1 we start
with the Rassias theorem. Then we have the existence of an additive function
h :A→ B such that
‖f (x)− h(x)‖ kε‖x‖p, x ∈A,
for some real constant k.
Hence,
‖f (nx)− h(nx)‖ kε‖nx‖p, x ∈A, n ∈N
and by the additivity of h it is easy to see that then∥∥∥∥1nf (nx)− h(x)
∥∥∥∥ 1n1−p kε‖x‖p, x ∈A, n ∈N
which means that
h(x)= lim
n→∞
1
n
f (nx), x ∈A.
Let
r(x, y)= f (x · y)− f (x)f (y), x, y ∈A.
Then, using inequality (10), we have
lim
n→∞
1
n
r(nx, y)= 0, x, y ∈A (12)
and the further part of the proof is the same as in the proof of Theorem 1.
For p,q > 1 by the Gajda’s result we have the existence of an additive function
h :A→ B such that
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‖f (x)− h(x)‖ kε‖x‖p, x ∈A,
for some real constant k.
Therefore,∥∥∥∥f
(
1
n
x
)
− h
(
1
n
x
)∥∥∥∥ kε
∥∥∥∥1nx
∥∥∥∥
p
, x ∈A, n ∈N
and by the additivity of h we get∥∥∥∥nf
(
1
n
x
)
− h(x)
∥∥∥∥ 1np−1 kε‖x‖p, x ∈A, n ∈N
which yields
h(x)= lim
n→∞nf
(
1
n
x
)
, x ∈A.
Let
r(x, y)= f (x · y)− f (x)f (y), x, y ∈A.
Then, using inequality (10), we have
lim
n→∞nr
(
1
n
x,y
)
= 0, x, y ∈A (13)
and also in this case the further part of the proof is analogous to the proper part of
the proof of Theorem 1.
Remark. Under the hypothesis of Theorem 2 for real Banach algebras, if we
assume that, for each fixed x ∈A, the function
R 
 t → f (tx) ∈ B
is continuous then, by the Rassias theorem, the additive mapping h is linear, so h
is an algebra homomorphism.
The following counterexample, which is simply modification of Luminet’s
example (see Johnson [6]), shows that this result fails when p = 1.
Example. Define a function φ :R→R by putting
φ(x)=
{
0, |x| 1,
x · ln |x|, |x|> 1.
Now, let f :R→M3(R) be defined by
f (x)=
[ 0 0 0
φ(x) 0 0
0 0 0
]
, x ∈R.
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First we shall show that there is ε > 0 with
‖f (x + y)− f (x)− f (y)‖ ε(‖x‖+ ‖y‖), x, y ∈R. (14)
Obviously, if it holds for x and y then it also holds for −x and −y . So, we can
assume that x  0.
If 0 x  1, |y| 1 and |x + y| 1 then
‖f (x + y)− f (x)− f (y)‖ = 0.
If 0 x  1, |y| 1 and |x + y|> 1 then |x + y|< 2 and
‖f (x + y)− f (x)− f (y)‖ = |x + y| · ln |x + y| (|x| + |y|) ln 2.
If x > 1, |y| 1 and |x + y| 1 then 1 < x  2 and
‖f (x + y)− f (x)− f (y)‖ = x lnx  x ln 2 (|x| + |y|) ln 2.
If x > 1, |y| 1 and |x+ y|> 1 then there exists t ∈ (−1,1) such that y = tx .
Moreover,
|t| = 1
x
|y| 1
x
.
Hence, 1+ t  1− 1/x and
1+ t = |x + y|1
x
>
1
x
.
Therefore, 1/2 1+ t < 2 and
‖f (x + y)− f (x)− f (y)‖ = |(x + y) ln(x + y)− x lnx|
 x| ln(1+ t)| + |y| ln(x + y)
 x ln 2+ 1 · (x + y) (1+ ln 2)(|x| + |y|).
If x > 1, |y|> 1 and |x + y| 1 then y < 0 and there exists t ∈ [−1,1] such
that y =−x + t . Moreover,
1− 1
x
 1− t
x
 1+ 1
x
< 2
and x − t = |y|> 1 which yields
1
x
< 1− t
x
.
Therefore,
1
2
 1− t
x
< 2
and
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‖f (x + y)− f (x)− f (y)‖= |0− x lnx − (−x + t) ln |−x + t||
= x∣∣lnx − ln |−x + t|∣∣+ |t| ln |−x + t|
= x
∣∣∣∣ln x − tx
∣∣∣∣+ |t| ln |y|
 x ln 2+ |y| (1+ ln 2)(|x| + |y|).
If x > 1, y > 1 and |x + y|> 1 then by the initial remark we can assume that
x  |y|. Hence, there exists t ∈ [−1,1] such that y = tx and
‖f (x + y)− f (x)− f (y)‖ = x∣∣(1+ t) ln(1+ t)− t ln |t|∣∣.
A function α : [−1,1]→R defined by
α(t)=
{
0, t ∈ {−1,0},
(1+ t) ln(1+ t)− t ln |t|, t ∈ [−1,1] \ {−1,0}
is continuous and hence a bounded function. We take k to be a bound of α and
then f satisfies (14) with ε = max{1+ ln 2, k}.
Moreover,
‖f (x · y)− f (x)f (y)‖ = |φ(x · y)| |x|2|y|2, x, y ∈R.
Therefore, f satisfies (9) with p = 1 and (10) with q = 2.
Now, contrary to what we claim, suppose that there exist a k  0 and a ring
homomorphism h :R→M3(R) such that
‖f (x)− h(x)‖ kε|x|, x ∈R.
Then
h=
[
a11 a12 a13
a21 a22 a23
a31 a32 a33
]
and a21 :R→R is an additive function such that
|φ(x)− a21(x)| kε|x|, x ∈R.
From the continuity of φ it follows that a21 is bounded on some neighbourhood
of zero. Then, by a classical result (see, e.g., [1, Theorem 1, p. 34]) there exists
a real constant c such that
a21(x)= c · x, x ∈R.
Hence,
|x lnx − cx| kεx, x > 1
and
| lnx − c| kε, x > 1
which yields a contradiction. Thus the function f provides a good example to the
effect that Theorem 2 fails to hold for p = 1.
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